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Abstract: In this paper, we study the permutation properties of the class of trinomials of the form f(z) = 2 +
AzdT2 4 Noz29t3 ¢ F,2[z], where A1, A2 € F; and they are not simultaneously zero. We find all necessary and sufficient

conditions on A1 and Az such that f(z) permutes F,2, where ¢ is odd and ¢ = 2%+ L e N.
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1. Introduction

Let F, be a finite field with ¢ elements, where ¢ is a prime power. A polynomial g(z) € Fy[z] is called
a permutation polynomial (PP) over F, whenever the associated function g : ¢ — g(a) is a permutation
of F,. Permutation polynomials have many applications in areas such as cryptography, coding theory, and
combinatorial designs. The studies on permutation polynomials goes back to work done by Dickson and Hermite
(see, [6, 9]). There are several books on finite fields such as [19] and Chapter 8 in [20], which are very helpful
for the interested reader to get into the topic. Moreover, the survey papers (see, [10, 12, 27]) are also useful as
they consist of many of the recent results on permutation polynomials over finite fields. We refer the interested
reader to [3, 4, 8, 11, 17, 18, 21] and the references therein for more results on permutation polynomials over
finite fields.

There has been a great interest in permutation polynomials with a few terms because of their simple
algebraic structures and extraordinary properties. In this paper, our aim is to determine the permutation
properties of the class of trinomials of the form f(z) = 247t + X274 + \y2?9T3 € F2[2], where A\, Ay € Fy
which are not simultaneously zero.

The paper is organized as follows: In Section 2, we introduce the basic tools that we use throughout the
paper. We note that the polynomial f(z) = 2% + \j29t* + \y2293 can be written as f(z) = 2°h(2971),
where h(z) = Az + Aoz? + 2. In Section 3, we determine the necessary and sufficient conditions for which

h(z) has no roots in pg41, where pg11 = {a € Fy, | a?! =1}. In Sections 4 and 5, we determine all necessary

and sufficient conditions for f(z) to be a PP of F2 in even characteristic with ¢ of the form ¢ = 22k+1 I ¢ N,

and in odd characteristic, respectively.

*Correspondence: ozkayab@metu.edu.tr
2010 AMS Mathematics Subject Classification: 11T06, 11T71, 12E10
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2. Preliminaries
There is a well known criterion due to Wan and Lidl [25], Park and Lee [22], Akbary and Wang [1], Wang [26] and
Zieve [28], which is widely used in order to determine whether a polynomial of the form f (z) = 2"h (x(qn’l)/ d)

permutes Fg» or not. It is given in the following lemma.

Lemma 1 [1, 22, 25, 26, 28] Let h(z) € Fyn[z] and d,r be positive integers with d dividing ¢ — 1. Then
fx)=a"h (z(qnfl)/d) permutes Fon if and only if the following conditions hold:

(i) ged(r,(¢" — 1) /d) =1,
(ii) x"h (z)(q”_l)/d permutes piq, where pg = {a € Fin | a® =1},

In this paper, we plan to apply Lemma 1 over the finite field Fp» with d = ¢ + 1, but instead of finding the
conditions for which g(z) = z"h(x)?! permutes 441, we will use the following idea throughout the paper:
Let z € F 2 \F, be an arbitrary element . For any z € F, let ® : F;U{oco} — f1q41 be the map defined

by @ (z) = L—’—Z, where @ (00) = 1. It is somewhat easy to observe that ® is one to one from F, U {oco} to
T+ 29 q

ttg+1 and thus onto since the number of elements on both sides are equal.
2% — 2

1 , for any o # 1 with @1 (1) = co. In this setting, we have
-z

g(z) = 2"h(z)?"" is one to one on pq4;1 and therefore permutes jiy41 if and only if (7' o go @) is one to one

One can find out that &1 (z) =

on F, U{oco}. An analogous idea has been used in a few more studies before, see for instance [2, 3, 13, 21].

This situation can be easily followed in the diagram below:

~logo
F,U{o0} =% F_U{oco}

J o

g
Hot1  — g1

Moreover, our suitable choice of z € Fg2 \ F, results in simpler computations.

3. Roots of h(x) in fig41

Assuming the notation above, we define g(z) := 2°h(x)?~!, where h(x) = Az + A\oz? + z*, in order to apply
Lemma 1. Before studying when g(x) permutes p,+1, we have to make sure that g(z) has no roots in fig41. As
0 & pg+1, we have to consider the roots of h(z). First, note that pg,41 NFy = {—1,1}. So, A(1) =X\ + A2 +1

and h(—1) = —A; + Az + 1 must be nonzero. Next, the following lemma characterizes when h(z) has roots in
Hq+1 \ {17 _1} :

Lemma 2 [7, Lemma 2] The polynomial h(x) has a root in pgy1 \ {1, =1} if and only if there exists A € F,
such that m(z) = 2 + Az + 1 is irreducible over F, and m(x) divides h(z).

Proof The set jy41 \ {1,—1} contains exactly the elements 6 € F,2 \ F, with 69" = 1. Let 6 € F2 \ F,
be such that h(#) = 0 and 091 = 1. As h(x) is a polynomial over F,, 67 is another root of h(z). Then
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m(z) = (x —0)(z — 09) = 22 — (0 + 09)x + 091 = 22 + Az + 1 divides h(z). Moreover, m(z) is the minimal
polynomial of 6 over F; and hence irreducible.

For the converse, assume that an irreducible polynomial m(z) = 22 + Ax + 1 divides h(z). The roots
0, and 6 of m(x) = (x —0)(x — 02) are roots of h(x) as well. As m(x) is irreducible, the roots lie in Fg2 \ F,
and they are conjugates, i.e., o = 6¢. From the constant coefficient of m(z), we find 1 = 0105 = 9?“. O
In the following proposition, we determine the conditions for which h(x) does not have any roots in pig41.

Throughout the paper, the trace function denoted by Tr stands for the absolute trace from F, onto Fs.

Proposition 1 Let h(z) = Mx + Aoa® + 2t € Fy[z]. Assume that h(1) = Ay + Ao+ 1 # 0 and h(-1) =
—A1 + A2+ 1#0. The polynomial h(z) has no roots in pigr1 if and only if one of the following conditions
holds:

i) Ao #1— XA} or X —4 is a square in F,, where F, is of odd characteristic,

1

i) Ao #1—A3 or Tr ()\) =0 when A\ # 0, where Fy is of even characteristic.
1

Proof Assuming h(x) = Az + \oz? + 2% = (22 + Az + 1)(2? + ax + b) and solving for A,a,b, we obtain

A= -)\,a=X, b=0and —a?+1 = )\y. Hence, by using Lemma 2 above, we conclude that h(z) has a

root in fig+1 \ {1, —1} if and only if Ao =1 — A} and 22 — \j2 + 1 is irreducible. In odd characteristic, this is

equivalent to say that h(z) has no roots in g1 \ {1, —1} if and only if Ay # 1 — A3 or A3 — 4 is a square in

F, (ie. 22 — A\ax + 1 is reducible). In even characteristic, h(x) has no roots in pg41 \ {1,—1} if and only if

1
Ay #1—22 or Tr ()\) =0, where A1 # 0 (see for instance Theorem 2.25 in [19]). O
1

Now, suppose that h(z) has no roots in g1, then for any = € ug11, we have the following:

2O (A\12d + Aoz + 249)
MT + o2 + x4

1 1 1
z° <>\1 +)\272 + 4>
X X X

AT+ Agx? + 24

g(x) = 2*h(z)""!

)\1563 + )\21‘2 +1
1'3 + )\2£C =+ )\1 ’

3 2
() ()
T+ 29 T+ 29
3
T+ z T+ z
A A
() e (553) +
M(z+2)% + Xa(x + 2)%(z + 29) + (z + 29)3
(x4 2)3 + Xa(z+ 2)(z + 29)2 + A\ (z + 29)3

A(z,x)
A(z9,z)

Computing go @, we get

(g0 ®)(x)
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Then
_ IA(z,z) — zA(2%, )
B0 god)(x) = a2y 1
(@7 ogo®)(x) N EINCE (1)
Computing the numerator, we get
N = 29A(z,2) — 2A(z%,2) = 29\ (z+ 2)% + 20 (x + 2)%(z + 29) + 2%(2 + 29)3

— 2z +2)? = 2z + 2)(z 4+ 29)? — 20 (x4 29)3. (2)

Similarly, computing the denominator, we obtain

D=A(z%2) - A(z,z) = (x+2)°+a(z+2)(x+ 29 + M\ (z + 293

— M@+ 2)? = Az +2)%(z + 29) — (z+ 29)% (3)

4. PPs over finite fields of even characteristic

In this section, we study the permutation properties of the polynomial f(x) = x®h(x9=1) over F,2, where
h(z) = Mz + Aoa? + 2* € F, 2] and F, is a finite field of even characteristic with ¢ = 22%*! k € N. We plan
to apply Lemma 1 to obtain our results. Note that, according to Lemma 1 (i), we first need to have 5¢ ¢ — 1.
By an inductive argument, one can easily show that 5| 2™ — 1 if and only if n = 4k, k € N. Hence, 51 ¢ —1
under our assumption that ¢ is of the form ¢ = 22*! k& € N. We also note that when A; = Ay = 0, then it is
well-known that the monomial f(z) = 249" permutes F2 if and only if ged(¢®> — 1,4¢+ 1) =1 (e.g. see [19,
Theorem 7.8]). Hence, we are interested in the case when A; or Ay is not zero. The following theorem is our

first main result.

Theorem 1 Let ¢ = 228*1 k€ N. Assume that h(1) = A\; + Ao+ 1 # 0. Then, f(x) = 2°h(z?7!) is
A2

tati l jal of Fp2 4 d only if Tr | —————
a permutation polynomial of Fy= if and only if r<>\1+)\2+1

) # 0 when Ay # 0 and ezxactly one of the
following conditions holds:

i) M +X+1=0,

i) Ag=1.
Proof Let 2¢=2+1 and so 22 = z + 1. Substituting 2¢ = z + 1 in the numerator in (2), we obtain

N=M+X+D®+ O+ D)z + AN+ X))z + A +1
and similarly substituting 2?7 = z + 1 in the denominator in (3), we obtain
D=\ + X+ 1)(2%+2)+ Ao

Here, note that A1 + Ay +1 = h(1) # 0. So we can write

N .’E3 +A2£C2 +A1£L’+A0

D 2 +x+ By

bl
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Ao +1 Mt o+ _ A2
P VIS VI L VNI VI S VNI VIt D VIS VA
nonzero if N and D are coprime, so in that case, we need to assume that Tr(Bg) # 0 (see for instance Theorem
2.25in [19]). If N and D are not coprime, then

where Ay = Here, 22 + z + By must be

N = (2> 4+ + By)(z +d) = 2>+ (d+ 1)2* + (By + d)z + Bod.

A

— 2 and Ag=Bod = X2+ X +1=0.
M+ Ag+1 A0 0 1Az

By comparing the coefficients, we obtain d =

Case 1: N2+ X3 +1=0:
If Ay =1, then \y =0, which contradicts A(1) # 0. Similarly, if A\; = 0, then A2 = 1, which again contradicts
h(1) #0. If Ay #0 and A; # 1, then we have

1
Note that Tr(1) = 1 when ¢ = 22+, Hence, the condition Tr(By) = 1 gives Tr (/\) = 0, satisfying
1

At

N el # 0, which always permutes Fy, and the
1 2

N
Proposition 1. Note that we have D= z+d, where d =

proof of (i) ends here.
Case 2: N2 4+ Xy +1#0:
In this case, N and D are coprime and we assume that Tr(By) # 0.

Computing
23 4+ Asz® + A1z + Ay B yP 4+ Asy? + Ay + A
22+ + By y? +y + Bo
r—y
we obtain
C(x,y) = 2%y* + zy® + 2%y + 2y + Bo(2” + y*) + (A2Bo + Ao)(x +y) + A1 Bo + Ao (4)

First, assume that C(z,y) in (4) is decomposed in the following form
(z+a)(z+a)(y + a)(y + o).

Computing this product and comparing the coefficients of it with the corresponding ones in C(z,y), we get:
a+a? = 1,09 = By, (a + a9)a?™ = A3By + A, which implies that By = A3Bg + Ag. Computing
By = A3By + A, we obtain that A2 + Ay + 1 = 0, which yields a contradiction.

Next, assume that C(z,y) in (4) is decomposed in the following form:

(:U2 +aqzy + Biy? + lot)(a2x2 + Bozy + Y2y + lot).

Here and throughout the paper, we use “lot” as the abbreviated form of the so called “lower order terms”.
Computing this product and comparing the coefficients of it with the corresponding ones in C(z,y), we get:

as=0,82=0,07 =0,8; =0,72 =1, so we have

(2% + asz + B3y + lot)(y* + aux + Bay + lot).
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Comparing the coefficients of it with the corresponding ones in C(z,y) once more, we get: ag = 1,04 = 0,83 =

0,84 =1, so we arrive at

(@® +a+n)(y* +y+8),
which implies that Bo =n=¢, n =& = Ay By + Ag, so we have A3 By + Ay = By ending in the contradiction
A2 + X2 +1 =0 once more.

Finally, assume that C(z,y) in (4) is decomposed in the following form:
(zy + cnx + By + lot)(xy + agx + PBoy + lot).

Computing this product and comparing the coefficients of it with the corresponding ones in C(z,y), we get:
) +az =1, that is, as = a1 +1 and By + B2 = 1, that is, B2 = 51 + 1. Substituting these in the above
decomposition, we get
(zy + arz + fry + a)(zy + (a1 + D + (B1 + L)y + B).

Comparing the coefficients of it with the corresponding ones in C(z,y) once more, we get: f+a3+ /1 +a =1,
a1 +1)=61(81+1) =By, s+ alar +1) =1+ a(f1+1) = As By + A and aff = A; By + Ap. Here,
a1f+ala;+1) = f18+a(B +1) implies that (8 + a)(a1 + 1) = 0 and so we have either § =« or ag = 1.

Let us first assume that 8 = «. Then we obtain a1+ 51 =1, a = AsBy+ Ag = 3, a® = A1 By + Ay and
thus (A2By + Ag)? = A1 Bo + Ag, which implies that either Ay = 0 or M Ao + A2 + A3 +1=0. If Ay =0, then
By = 0, which contradicts our assumption Tr(Bg) # 0. Now let Mo+ A2+ +1= (A + X+ 1) (A2 +1) =0,

A 1
which implies Ao = 1. Note that, in this case, Tr(By) = Tr — 2 =T (= #0but M2 +X+1#0,
A+ A +1 A1

therefore Proposition 1 is satisfied. Now, assume that the factor zy + cyx + f1y + o = 0 for some z,y € F,.
Taking the g-th power of this equation, we get zy + afz + 8y + @ = 0 and adding these two equations we
obtain (o +af)z + (81 + 1)y = 0 which implies that = =y since 81 + 8 = a1 +1+af +1=a; +af. The
proof of (ii) ends here.

Next, assume that «; = (1, then we have 8 = a4+ 1 and a(a+ 1) = A1 By + Ap. By comparing
the coefficients of this decomposition with the corresponding ones in C(x,y) once more, together with further
calculations, we obtain By = a? + a. However, this implies A; = 1, which is a contradiction with (1) # 0.

Finally, assume that C(z,y) in (4) is absolutely irreducible. Homogenizing C(x,y) with = = % and

Y= % , we obtain a homogeneous polynomial of degree d = 4. Let 5(X, Y, Z) € F,[X,Y, Z] be the homogeneous

polynomial defined as

~ XY
XV, 2 =7c (=, =).
C( ) 7) O(z?z)

Let P?(F,) denote the projective space consisting of projective coordinates (X : Y : Z). Let N = |[{(z,y) €
F, x F, | C(z,y) = 0}| be the number of affine F,-rational points of C. Let V = [{(X : Y : Z) € P*(F,) |
C(X,Y,Z) = 0}| be the number of projective F,-rational points of C. Let Vp and Vi be the number of

projective IF,-rational points of C corresponding to the cases Z =0 and Z # 0 respectively. Namely,
Vo= [{(X :Y:0) € BX(F,) | (X, Y,0) = 0}

and Vi =|{(X:Y:1)eP*F,) | C(X,Y,1) =0}
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It follows from the definitions that N = V; and V = Vj + Vi. Moreover, it follows from (10) that C(X,Y,0) =
X?2Y?2. This implies Vo = [{(1:0:0),(0:1:0)}| = 2. Using [14, Theorem 5.28], we get

V=g < (d—1)(d—2)¢"* + ¢(d) = 6¢"/% + 19, (5)
where ¢(d) = 3d(d —1)*> 41 and d = 4. The arguments above imply that
V=N+2. (6)
Combining (5) and (6), we conclude that
IN—q|=|(V—-q)—2[<|V—gq|+2<6¢"/*+21.

Note that

{(z,y) € F3 | C(z,y) =0 and o = y}| < 4

as C(z,x) is a polynomial of degree 4 in Fy[z]. Therefore, if ¢ — 6¢'/? — 21 > 4, then C(z,y) has an affine

1/2

point off the line z = y. As ¢ is a prime power, we note that ¢ — 6¢*/* — 21 > 4 for any such ¢, provided

that ¢ > 78. As a result, we deduce that f(z) is not a permutation polynomial of F, if C(z,y) is absolutely
irreducible and ¢ > 78. It remains to consider ¢ < 78. Now, since characteristic of F, is even and k is odd,
we need to consider only ¢ € {2,8,32}. Using MAGMA [5], we observe that there are no other permutation
polynomials of the form f(z) other than the ones obtained by Theorem 1. O

5. PPs over finite fields of odd characteristics
In this section, we deal with the permutation properties of the polynomial f(z) = 2°h(z%" ') over F,2, where

h(z) = Mz+dox?+z, where A, \g € F, are not simultaneously zero and Fy is a finite field of odd characteristic

such that 5t ¢ — 1. Our plan is to apply Lemma 1 again and the following theorem is our second main result.

Theorem 2 Let F, be a finite field of odd characteristic such that 54 q—1. Let h(z) = Az + Aox® +a*, where
A, A2 € Fy are not simultaneously zero and assume that h(1) = A +Xa+1#0 and h(—1) = =X\ +Aa+1#0.
Then, f(z)=2’h(z?1) is a permutation polynomial of F2 if and only if any one of the following conditions
hold:

i) M1 =0,\2 =3 and —3 is a nonsquare in Fy,
i) Ao =0 and F, is of characteristic three,
i) A3+ Xy —1=0 and \} —4 is a square in F,,
w) Ao =0 and —3 is a square in Fy.

v) A2 =—3 and —3(\} —4) is a square in F,.
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Proof When ¢ is odd, we set 27 = —z and rewrite (2) and (3) as follows:
N = “z(z+2)3 = doz(z+2)%(x—2) — 2(x — 2)° — 2(x + 2)3 = Xaz(z + 2)(z — 2)?
—Miz(r —2)3

722’ ((/\1 + )\2 —+ 1)1‘3 —+ (3A1 — )\2 —+ 3):172’2) 3

D = (z+22+X@+2)(z—2)%+ M@—2)> = @+2)> = +2)?% (-2 —(z—2)>
= —22((3)\1+)\2—3)1’2+()\1—>\2—1)22).

N
First, assume that 3A\; + A2 — 3 = 0. Then computing o we obtain
3 3\ — X+ 3 9

Mt Aatl
()\1*)\271)22

N
— = (A A 1
D M+ A2+1)

N
Note that Ay + A2 +1 = h(1) # 0, so we can ignore the prefactor (A; + A2+ 1) in D above and

N 3A\ — A2 +3
At — A2 —1 = —h(-1) # 0, so the denominator of D is nonzero. We let A = )\11_’_7)\22_:—122 and by

substituting Ao = 3 — 3\; in A, we obtain

6M 5 3\
A= - .
T4l T Ta 27

Observe that —A; + 2 # 0 since otherwise Ay = 2 would imply A2 = —3, which contradicts h(1) =
AL+ A +1#0.

Computing
(2® + Az) — (y* + Ay)
=y
we get
C(x,y) = 2® +xy +y° + A. (7)

Assume that C(z,y) is not absolutely irreducible and it decomposes as:

(r + oy + o) (Brx + Boy + B3).

Comparing the coefficients of the above product with C(z,y), we obtain f; = 1,82 + a1 = 1,83 = —as and

a1(l —ap) =1, so we have

(z+ay+a)(z+ (1 —a))y—az) =22+ 2y +1y° + (a2 — 20100)y — 3.
Now comparing the coefficient of y with the one in C(x,y), we obtain as(l — 2aq) = 0, which implies that

1
ay = 0 or a; = 3 First, if ap = 0, then A = —a2 = 0, which implies \; = 0 and so Ay = 3, since
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3A1 + A2 —3 =0. In this case, we have C(z,y) = (x + a1y)(z + (1 — a1)y). Therefore, either the coefficients of
both factors should not be in F, (i.e., oy ¢ F,) or both factors must be equal to z — y. For the case oy ¢ Fy,

we require the polynomial 22 — 2 + 1 satisfied by «a; (since we have a;(1 — a1) = 1) to be irreducible over

1++/-3
F,. Note that the roots are of the form — hence we need —3 to be a nonsquare in F,. Note also

that, in this case 3 = Mg # 1 — A2 = 1 as ¢ is odd and hence Proposition 1 is already satisfied; moreover,

h(1) =X 4+X+1=0+34+1=4=h(-1) = -\ + A2+ 1 # 0 since char(F,) is odd, that is, in this case

h(xz) has no roots in pg11. Inthe case + a1y =2+ (1 — )y =z —y, we get a3 =1 — a3 = —1, which
1 1

implies that oy = 3 Substituting a3 = 3 in a1(1 — ;) =1, we obtain that 4 = 1, which is only possible for

char(F,) = 3 but then A; = A2 = 0, which contradicts with our assumption that A1, A2 are not simultaneously
zero.

1
Next, if a; = 3 then a;(1 —a;) = 1 implies 4 = 1, forcing the characteristic to be 3. Note that in

characteristic 3, we have A = 0 and both factors become x + %y =z —y. In this case, 3\; + A2 —3 = 0 implies
A2 = 0 and we obtain item (ii). Note that 0 = Ay = 1 — A? would imply A\; = +1, but then h(1) = h(-1) =0,
contradicting with our assumptions. Therefore, Ay # 1 — A? and Proposition 1 is again satisfied. The proofs of
items (i) and (ii) are completed.

Now, assume that C(z,y) in (7) is absolutely irreducible. In this paper, we use [14, Theorem 5.28], which

constitutes a bound obtained from the Hasse-Weil bound. Let C (X,Y,Z) € F,[X,Y, Z] be the homogeneous
polynomial of degree d = 2 defined as

~ XY
XY, 2)=2°C (=, ).
Cx.v.2)=2°¢ ()
Let N = |{(z,y) € F, xF, | C(z,y) = 0}| be the number of affine F,-rational points of C. Let P?*(F,)
denote the projective space consisting of projective coordinates (X : Y : Z) and V = |{(X : Y : Z) € P*(F,) |
é(X,Y,Z) = 0}| be the number of projective F,-rational points of C. Let Vo and V4 be the number of

projective IF-rational points of C corresponding to the cases Z =0 and Z # 0, respectively. Namely,
Vo = [{(X :Y:0) € FA(F,) | C(X,Y,0) = 0}
and V= [{(X:Y:1) eP*F,) | C(X,Y,1) =0}

It is obvious that N = V; and V =V, +V; = V) + N. Moreover, it follows from (7) that 6(X,Y,O) =

X? + XY + Y2, This implies Vo = 0. Thus, we have V = Vy +V; = 0+ N = N. Using [14, Theorem 5.28],
we get

IV —al =N —ql < (d-1)(d~2)q"* +c(d) = c(d) =2, (8)

where c(d) = 2d(d —1)> +1 =2 as d = 2. Note that

1
2

H{(z,y) € IF?] | C(z,y) =0and z = y}| <2

as C(z,x) is a polynomial of degree 2 in Fy[x]. Therefore, if ¢ —2 > 2, then C(z,y) has an affine point off the

line z = y. As a result, we deduce that f(z) is not a permutation polynomial of F. if C(xz,y) is absolutely
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irreducible and ¢ > 4. It remains to consider only when ¢ = 3. Using MAGMA [5], we observe that f(z) is
not a permutation of Fg for any A\i, Ao € F3.
Next, we assume that 3A; + A2 — 3 # 0, then we have

5 BA—X+3) ,

N_<A1+/\2+1) z+()\1+/\2+1)2x
D 3A1+ A —3 9 ()\1—)\2—1) 9
(3)\1—‘1-/\2—3)

A+ A +1 N
We observe that, since h(1) = A1 + A2 + 1 # 0 and 3A; + Ay — 3 # 0, the prefactor < 1+ A2t ) in i

M+ XA -3
nonzero and does not have a pole, we can ignore it. Thus, we just deal with the following fraction:
z3 + —(3)\1 — o +3) 2’z
M+ X+1) )
(A —A2—1) L2 ’
(3M\ + A2 —3)

2 +

(BA\1 — X2+ 3) 9 M=) —1)
- dB=——"—-
M+ X+1) = an (3)\1 + A2 —3)

and z € F2 \ F,. In order to guarantee that the polynomial 2 + B in the denominator of (9) does not have

Now, let A = 22. Note that B # 0 since h(—=1) = —A; + X2 +1#0

any zeroes in F, (and hence (9) does not have any poles), we have to assume that —B is not a square in F,

M +A+1

that i
s (3>\1+)\23

) is a square in F,. Computing
>+ Ar P+ Ay
z2+B y?’+B
r—y

we obtain
C(z,y) = 2%y + B(z® +y*) + (B — A)zy + AB. (10)

Assume first that C(z,y) is decomposed as
(@ +a)(z+a?)(y+a)(y + a?).
Comparing the coefficients with C(z,y), we get a? = —a,a?t! = —a? = B = A. Now we have

(BA\ —A2+3) , AM—X—1) ,
A=B <+ =
(>\1+)\2+1) * (3)\1+>\2—3)Z

== 8AI 48\ —-8=0

= MNiA-1=0.

So, by Proposition 1, for h(z) not to have any roots in pg11, A —4 must be a square in F,. Note that, by

A+ A +1

N e 3 we get the following:

substituting Ao = 1 — A\? in

“At+X+l A+ -2 M+2)(A—1) A +2 A4
BA\i+X—3 AN -=3\M+2 (M-2)M—1) AN -2 (A —2)%
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Here, note that A\; # 1, since otherwise we have A\; = 1, Ay = 1 —\? = 0 which contradicts with the assumption
h(—=1) = =X\ + Ay + 1 # 0. Similarly, \; # 2, since otherwise we have A\; = 2, Ay = 1 — A\? = —3 which
A FA+1

contradicts with the assumption h(1) = A; + A2 +1 # 0. Hence, by (11), we obtain that B, 3 S8
1 2 —
square in F, if and only if A} —4 is a square in F,. This proves item (iii).

Next, assume that C(z,y) is decomposed as

(x2 +arzy + By + lot)(a2m2 + Bozy + Yoy + lot).

Comparing the coefficients of degree 4 terms with those of C(z,y), we obtain that as = 0,82 = 0,72 =1, 01 =
0,51 = 0. So we have

(2% + asz + B3y + lot) (y* + aux + Bay + lot).

Comparing the coefficients of degree 3 terms with those of C(x,y), we obtain that ay = 0,84 = 0,5 =0, 53 = 0.
So we have
(@ + )y +&) = 2°y* + &a® +y” + 0t

Comparing the coefficients of degree 2 terms and the constant term with those of C(z,y), we obtain that
¢ =n=DB and B— A = 0 which implies that A\? + A\ — 1 = 0. Now, if 22 + 7 = 0 for some z € F,, then
z? = —p = —B, that is, —B is a square in F,, which gives a contradiction since we already assumed that
A+ +1
3A\1+ A —3
A1+ A2+ 1
3AM +X—3

that this is the case if and only if \? — 4 is a square in F,) and A2 + X2 — 1 = 0; hence, we obtain the same

—B is not a square in F, (which is the case if and only if ( ) is a square in F,). Therefore,

f(z) = 2°h(297") is a permutation polynomial of F,2 if and only if ( ) is a square in F, (recall

result with the previous one.

Now, assume that C(x,y) is decomposed as
(zy + crx + By + lot) (xy + agx + B2y + lot).

Comparing the coefficients of degree 3 terms with those of C(z,y), we obtain that a; + s =0 = as = -
and B1 + B2 =0 = P2 = —p1. So we have

(xy + a1z + pry + a)(zy — a1z — fry + B).

Comparing the coefficients of degree 2 terms with those of C(z,y), we obtain that —a? = B = —j%,
B+a—203 = B—A and a = 3. Thus, we have o? = 7, which implies that either a; = ; or
a1 = —f;. Furthermore, using —a? = —7 = B, we deduce that as,3; ¢ F, since —B is not a square in F,,

which further imply that af = —ay and B{ = —f;. We deal with the cases where a; = 1 and oy = —f

separately.
i 2 o A+ B
First, assume that oy = 1. Then 8 —2a7 + a = 2a+ 2B = B — A implies that o = — and we
2 (A + B)2 2 . . . 2 ..
get aff = o = AB = — = (A—B)* =0 <= A = B again, which yields A\{ + A2 — 1 = 0 giving

the same result as above. Now assume that zy + oz + a1y + o = 0 for some z,y € F,. By taking the ¢-th
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power of this equation, we get zy — a1x — ayy + a = 0 (since af = —a; and B{ = —3;). By subtracting the
second equation from the first one, we obtain 2«4 (z + y) = 0, which implies * = —y. Then, by substituting
y = —z in the equation zy+ a2 +a1y+a =0 and in 2y —a1z— oy +a =0, we get —224+a = —22—-B =0,

which gives a contradiction since —B is not a square in [F,. Hence, none of the factors of the decomposition
have any roots in F; in this case.

Next, assume that a; = —1. Then we have
(zy + anx — a1y + o) (zy — a1z + a1y + ).

Again by comparing the coefficients with those of C(x,y), we obtain that 5+ 20@ +a=200—-2B=B—-A —
a—3B_A (3B — A)?
B 4

have already discussed the case A = B. So assume that A = 9B, which implies that

. We get a8 =a? = AB =

<— (9 B—A)(B—A)=0 < A=Bor A=9B. We

(BA\1 — X2 +3) , (AL —A2—1) 4
et D) B Tan s 0 Mt =0 e =00

Note that in characteristic 3, A = 9B = 0 already implies Ay = 0, which was already shown in the second
item. Now suppose that there exists =,y € F, such that zy + a1z — ony + o = 0. By taking the g-th power
of this equation, we get xy — a1z + a1y + o = 0. By subtracting the second equation from the first one, we
obtain 2a;(z —y) = 0, which implies x = y. Thus, in this case f(z) = x°h(297!) is a permutation polynomial
—A1+ A +1
3\ +A2—3

A1+ A2+ 1 B A1 +1 __1
MM+A-3) \3\m-3/) 3
is a square in F,. Like above, 0 = Ao =1 — A} would imply \; = 1, which contradicts h(1) # 0,h(—1) # 0.

Therefore, Ao # 1 — A? and Proposition 1 is again satisfied.
Similarly, if Ao = —3, then

of Fpe if and only if Ay =0 or —3 and is a square in F; or Ay =0 and F, is of characteristic

three. Note that, if Ay = 0, then

A1+ A+ 1 B - —2 __1)\1-1-2__1 )\%—4
B\ +X—3/) \3\-6/) 3Xx-2 3\ -—2)2

is a square in F, and Proposition 1 is satisfied. The proof of the last two items ends here.
Finally, assume that C(x,y) in (10) is absolutely irreducible. Homogenizing C(z,y) with = £ and

Y= % , we obtain a homogeneous polynomial of degree d = 4. Let é(X7 Y, Z) € F,[X,Y, Z] be the homogeneous

polynomial defined as

~ Xy
_ 74
C(X,)Y,2)=Z C(Z,Z).

Let P?(F,) denote the projective space consisting of projective coordinates (X : Y : Z). Let N = |[{(z,y) €
F, x F, | C(z,y) = 0}| be the number of affine F,-rational points of C. Let V = [{(X : Y : Z) € P*(F,) |
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5’(X, Y,Z) = 0}| be the number of projective F,-rational points of C. Let Vo and Vi be the number of

projective IF,-rational points of C corresponding to the cases Z = 0 and Z # 0 respectively. Namely,
Vo= {(X :Y :0) € P*(F,) | (X, Y,0) = 0}]

and V= [{(X:Y:1) eP¥F,) | C(X,Y,1) =0}

It follows from the definitions that N = V4 and V = V; + V4. Moreover, it follows from (10) that C(X,Y,0) =
X?Y?2. This implies Vo = [{(1:0:0),(0:1:0)}| = 2. Using [14, Theorem 5.28], we get

[V —ql < (d—1)(d—2)q"? + ¢(d) = 64"/ + 19, (12)
where ¢(d) = 3d(d — 1)+ 1 and d = 4. The arguments above imply that
V=N+2. (13)
Combining (12) and (13), we conclude that
IN =gl =|(V—q)—2[<|V—ql+2<6¢" +21.

Note that
{(z,y) €F; | Cz,y) =0 and z = y}| < 4

as C(x, ) is a polynomial of degree 4 in Fy[z]. Therefore, if ¢—6¢*/?—21 > 4, then C(x,y) has an affine point
off the line # = y. As ¢ is a prime power, we note that ¢—6¢'/2—21 > 4 for any such ¢, provided that ¢ > 78.
As a result, we deduce that f(z) is not a permutation polynomial of F,2 if C(z,y) is absolutely irreducible
and ¢ > 78. It remains to consider ¢ < 78. Now, since characteristic of I, is odd and 5 must be relatively
prime with ¢ — 1, we need to consider only ¢ € {3,5,7,9,13,17,19,23,25,27, 29, 37,43,47,49, 53,59, 67,73} .
Using MAGMA [5], we observe that there are no other permutation polynomials of the form f(z) other than
the ones obtained by Theorem 2. O

Remark 1 When A1 # 0 and Ag # 0, the polynomial f(x) we have studied in this paper is quasimultiplicative
equivalent to another class of permutation polynomials given by g(x) = z(1 + ax?@~1 4 bz2@-1) € Fo2[z] with
a,be FZ2 , whose complete characterization in any characteristic could only be achieved in a total of six different
papers [2, 4, 15, 16, 23, 24]. Namely, g(x) is introduced in [24], where the sufficient conditions for g(x) to
be a permutation polynomial are given in even characteristic. In [2] and [15], these conditions are shown to
be also necessary. Then, a complete characterization in characteristic three is given in [16]. After that, in
characteristic bigger than three, the sufficient conditions are given in [23] and those conditions are proven to
be necessary in [4]. In this paper, we have provided much simpler and shorter proofs in any characteristic by
taking A1, A2 from F,. Moreover, the equivalence is given by f(x) = b=1g(x*1™3), which requires b # 0, and

therefore this class does not cover many of our conditions given for Ay =0 or Ay =0 as a,b € Flo.
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